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We study the low energy effects of heavy fermions in an SU (N c ) gauge theory. This talk summarizes the results presented in ref [1] and extends that calculation for lattice regularization.
The effect of heavy matter fields at low energies is expected to be no more than an induced effective gauge coupling. This phenomena is well known for lattice Wilson fermions where the fermion doublers induce a shift in the gauge coupling of the order of ∆β ≈ 0.3 for two flavors around β = 5.5. The idea that heavy fermions can induce continuum gauge fields (i.e. the induced gauge coupling β ind = ∞) has a long history [2] . In a recent paper it was suggested that one flavor of adjoint scalar fields might induce a continuum gauge theory as well if the mass of the scalar is tuned appropriately [3] . It was argued furthermore that the scalar model can be solved in the large N c limit.
In this paper we calculate the gauge coupling induced by heavy fermions in the fundamental representation and investigate the condition under which the fermions induce a continuum gauge theory. We argue that a necessary condition is that the number of flavors N f > 11N c /2 but we cannot prove that it is a sufficient condition as well. We consider the N f → ∞ sufficient condition here.
A: Dimensional regularization. Consider N f flavor of SU (N c ) fermions with mass M interacting with SU (N c ) gauge fields W µ . The vacuum functional
is the standard, gauge invariant fermion-gluon interaction in n = 4 − ǫ dimension, but the gluon part ∼ F 
where the gauge field action S(W µ ) is a sum over one-loop graphs with l gluon legs, l = 2, 3, . . .:
The first term in Eqn. 3, giving the quadratic part of the action has the form
For momenta
2 . The graphs with 3 and 4 legs in Eqn. 3 make this expression gauge invariant, the square of the standard field strength tensor will enter. The bare gauge couplingḡ 2 0 is proportional to ǫ, goes to zero as the regularization is removed, as it should in an asymptotically free theory. The one-loop graphs with more than 4 legs in Eqn. 3 are convergent and are suppressed by powers of 1/M for momenta much below M .
When can we consider this model at low energies as a pure gauge theory? A necessary condition is that the gluonic mass scale Λ MS is much lower than the fermionic mass scale M . The leading term of the effective action Eqn. 3 is the usual F and the regularization parameter ǫ. We will work out the one-loop formula here. The two-loop derivation can be found in ref [1] .
The one-loop definition of the Λ parameter in the MS renormalization scheme is
where
2 is the first (universal) coefficient of the β-function. Using the relation between the bare and renormalized g
we obtain
If the gauge coupling is generated entirely by the fermions and has the form given in Eqn. 5
The necessary condition Λ MS << M can be satisfied as ǫ → 0 only if
The minimum number of flavors coincides with the value where the β function of the gaugefermion system changes sign and becomes nonasymptotically free. The above derivation is valid only if the higher order terms in the effective action can be neglected. Before discussing this condition, let's derive the corresponding relations using lattice regularization.
B: Lattice regularization. Consider the action of N f Wilson fermions in the strong gauge coupling limit
. (12) κ is related to the inverse fermion mass
where a is the dimensional lattice spacing. After integrating out the fermions we obtain the effective gauge action
where the sum is over all closed gauge loops. Using the continuum representation of the gauge field U nµ = e igAµ(n) one can express S ef f in terms of the continuum fields A µ (n). This calculation can be done using lattice perturbation theory or following the method described in [3] . The coefficient of the leading term F A µν F A µν is given by the four-dimensional lattice integral
where S(p) is the lattice fermion propagator (16) and Q(p) is given by
The integral reduces to the hopping parameter expansion result in the κ → 0 limit
For small M a (κ → 0.125) it has a logarithmic singularity
One should note that for M a << 1 the higher order tems in the effective action are not necessarily suppressed and Eqn. 19 probably does not give the induced gauge coupling correctly. Nevertheless, assuming that the higher order terms in the effective action can be neglected Eqn. 19 leads to
as a necessary condition for Λ latt << M . If we observe that the r = 0 naive fermions describe 16 flavors of continuum fermions, Eqn. 19 agrees with the dimensional regularization result Eqn. 10. Now we turn our attention to the question of neglecting the higher order terms in the effective action. Let's consider the general case where one adds to the leading F A µν F A µν term some small gauge invariant perturbation which modifies the quadratic part and the vertices. The perturbation can be local, or nonlocal. We assume that the perturbation depends on some mass scale M in such a way that for any set of fixed momenta flowing into the bare vertices or propagator the perturbation goes to zero as M → ∞. Consider this modified model and take the limit M → ∞ at fixed value of the regularization parameter. One expects that the effect of the perturbation disappears in this limit, the Green's functions remain unchanged. Consider any graph before and after the perturbation is introduced and take the difference. For any fixed set of internal and external momenta the integrand of the corresponding momentum integrals goes to zero as M → ∞. If the regularization is such that the region of momentum integration is constrained as is the case on the lattice, then the integral itself goes to zero also, and the intuitive expectation is satisfied. The situation is less obvious if dimensional regularization is used and, actually, we are not able to present a formal proof.
In taking the M → ∞ limit we have to consider the limit where the bare charge is fixed at fixed regularization parameter, i.e.
for dimensional regularization with ǫ fixed and
for lattice regularization with Λ cut = π/a fixed to obtain a dimensionally/lattice regularized continuum gauge model. As the renormalization parameter is removed (ǫ → 0/a → 0) the bare coupling g 2 0 → 0 as it should in an asymptotically free field theory. Clearly the N f → ∞ condition is sufficient but perhaps not necessary to obtain a continuum gauge theory. A lattice calculation might be able to answer this question.
